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Abstract
Let us consider the set SA(Rn) of rapidly decreasing functions G : Rn → A, where A
is a separable C∗−algebra. We prove a version of the Caldero´n-Vaillancourt theorem
for pseudodifferential operators acting on SA(Rn) whose symbol is A-valued. Given
a skew-symmetric matrix, J , we prove that a pseudodifferential operator that com-
mutes with G(x+JD), G ∈ SA(Rn), is of the form F (x−JD), for F a C∞−function
with bounded derivatives of all orders.
1 Introduction.
Throughout this work, A denotes a separable C∗−algebra and SA(Rn) denotes the
A−valued Schwartz space of smooth and rapidly decreasing functions on Rn. On
SA(Rn) we define the A-valued inner product
< f, g >=
∫
f(x)∗g(x)dx,
whose associated norm we denote by ‖ · ‖2, ‖f‖2 = ‖ < f, f > ‖
1
2 .
The completion of SA(Rn) with this norm is a Hilbert A−module that we denote
by E. The set of all adjointable (and therefore bounded) operators on E we denote
by B∗(E). Let CB∞(Rn, A) denote the set of C∞-functions with bounded derivatives
of all orders.
In section 2, we see a generalization of the Caldero´n-Vaillancourt Theorem, [1],
for a pseudodifferential operator, a(x,D), whose symbol, a, is in CB∞(R2n, A).
∗During the completion of this work, the author received finantial support from CAPES, Brazil, through
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Following the steps of Seiler’s proof in [8] (in fact going back to Hwang, [4]),
we can see that a(x,D) is bounded on E. Note that Seiler’s result needs that one
works on a Hilbert space where we have that the Fourier transform is unitary in the
usual sense. One of the advantages of working with this norm, ‖ · ‖2, is that the
Fourier transform becomes an ”unitary” operator on the completion of SA(Rn); i.
e. it is a Hilbert-module adjointable operator on E, whose inverse is equal to its
adjoint. This norm ‖ · ‖2 allows for a proof of the Caldero´n-Vaillancourt Theorem for
pseudodifferential operators whose symbols are A-valued functions.
We also prove that these operators are adjointable. So, we have a(x,D) ∈ B∗(E),
a ∈ CB∞(R2n, A).
In [7], Rieffel defines a deformed product in CB∞(Rn, A), depending on an anti-
symmetric matrix, J , by
F ×J G(x) =
∫
(2pi)−neiu·vF (x+ Ju)G(x + v)dudv.
It is not difficult to see that the left-regular representation of CB∞(Rn, A) defines
pseudodifferential operators on B∗(E); in fact, for F ∈ CB∞(Rn, A), LF (ϕ) = F×Jϕ,
ϕ ∈ SA(Rn), is the pseudodifferential operator of symbol F (x− Jξ).
Rieffel proves that LF , F ∈ CB
∞(Rn, A) is a continuous operator on E, ([7],
Corollary 4.7) and that LF is adjointable on E ([7], Proposition 4.2).
The Heisenberg group acts on B∗(E) by conjugation in the following way.
Given V ∈ B∗(E),
(z, ζ, t) −→ E−1z,ζ,tV Ez,ζ,t, (z, ζ, t) ∈ R
2n × R,
where
Ez,ζ,tf(x) = e
iteiζxf(x− z), f ∈ SA(Rn).
It is easy to see that Vz,ζ = E
−1
z,ζ,tV Ez,ζ,t does not depend on t ∈ R.
We say that V is Heisenberg-smooth if the map (z, ζ) −→ Vz,ζ is C
∞, and, if
z −→ Vz is C
∞, where Vz = Vz,0, we say that V is translation-smooth.
When we are dealing with the scalar case, A = C, we have the remarkable charac-
terization of Heisenberg-smooth operators in B∗(E) given by H. O. Cordes, [3]: these
are the psudodifferential operators whose symbols are in CB∞(R2n).
In section 3 we prove that if a skew-symmetric, n × n, matrix is given and if
the C∗−algebra A is such that a suitably stated generalization of Cordes’ charac-
terization can be proved, then any Heisenberg-smooth operator T ∈ B∗(E), which
commutes with every psudodifferential operator with symbol G(x + Jξ), for some
G ∈ CB∞(Rn, A), is also a psudodiferential operator with symbol F (x − Jξ), for
2
some F ∈ CB∞(Rn, A). This is a rephrasing of a conjecture stated by Rieffel for an
arbitrary A at the end of Chapter 4 of [7] (the operators G(x+JD) are those obtained
from the right regular representation for his deformed product on CB∞(Rn, A)).
That Cordes’ characterization implies Rieffel’s conjecture has already been proved
for the scalar case, [5]. The Schwartz kernel argument used in [5] has to be avoided
here, in the more general case.
2 a(x,D) ∈ B∗(E).
Let us consider a pseudodifferential operator on E such that, if ϕ ∈ SA(Rn),
a(x,D)ϕ(x) =
∫
ei(x−y)ξa(x, ξ)ϕ(y)d/yd/ξ,
for a ∈ CB∞(R2n, A), where d/y = (2pi)−
n
2 dy. As in the scalar case, we can see that
a(x,D)ϕ(x) is well defined for each x ∈ Rn, if ϕ ∈ SA(Rn).
An example of such an operator is given by Rieffel:
Given a function F ∈ CB∞(Rn, A),
LFϕ(x) =
∫
ei(x−y)ξF (x− Jξ)ϕ(y)d/yd/ξ.
The integrals considered here are oscilatory integrals ([7], Chapter 1).
Let us see next the fundamental ideas of a generalization of the Caldero´n-Vaillancourt
Theorem for operators on E.
First, let us see that a(x,D)(ϕ) ∈ E, for ϕ ∈ SA(Rn).
Considering L2(Rn, A) as the set of all functions f : Rn → A such that
∫
‖f(x)‖2dx <
∞, with the “almost everywhere” equivalence relation, where we consider the norm
‖ · ‖L2 (defined in the usual way), we can prove that a(x,D)(ϕ) ∈ L
2(Rn, A), as
follows:
Using integration by parts and the equation
(i+ x)αeixy = (i+Dy)
αeixy, α = (1, ..., 1), where Dy = −i∂y, (2.1)
we obtain
a(x,D)(ϕ)(x) =
∫
eixξa(x, ξ)ϕˆ(ξ)d/ξ =
= (i+ x)−α
∫ [
(i+Dξ)
αeixξ
]
a(x, ξ)ϕˆ(ξ)d/ξ =
3
= (i+ x)−α
∫
eixξ [(i−Dξ)
αa(x, ξ)ϕˆ(ξ)] d/ξ,
where ϕˆ(ξ) =
∫
e−iξyϕ(y)d/y. Since the last integral is bounded, a(x,D)(ϕ) ∈
L2(Rn, A).
On the other hand, since ‖ · ‖2 ≤ ‖ · ‖L2, we can prove that L
2(Rn, A) ⊆ E, so
that a(x,D)(φ) ∈ E.
Theorem 2.1. Let a ∈ CB∞(R2n, A). Then, a(x,D) is a bounded operator on E. In
fact, ‖a(x,D)‖ ≤ lpi(a), for l ∈ R+ independent of a, and pi(a) = sup{‖∂βx∂
γ
ξ a‖∞ ;
β, γ ≤ α = (1, 1, · · · , 1)}.
Proof. To begin with, let us consider the case when a has compact support. Denot-
ing a(x,D) by T , for ϕ,ψ ∈ SA(Rn), we look at < ψ, Tϕ >, which equals < ψˆ, T̂ϕ >.
(Here we are dealing with the Fourier transform in L2(Rn, A), which is “unitary” on
E, in the sense that < f, g >=< fˆ, gˆ >, f, g ∈ L2(Rn, A) ⊆ E.)
Since
T̂ ϕ(η) =
∫
e−iηxTϕ(x)d/x =
∫
e−iηxei(x−y)ξa(x, ξ)ϕ(y)d/yd/ξd/x,
we have
< ψˆ, T̂ϕ >=
∫
e−iηxei(x−y)ξψˆ∗(η)a(x, ξ)ϕ(y)d/yd/ξd/xdη.
Using integration by parts and the equation (2.1), we have
< ψˆ, T̂ϕ >=
∫
e−iηx(i+ x− y)−αψˆ∗(η)(i + x− y)αei(x−y)ξa(x, ξ)ϕ(y)d/yd/ξd/xdη =
=
∫
e−ixη(i+ x− y)−αψˆ∗(η)eixξe−iyξ [(i−Dξ)
αa(x, ξ)]ϕ(y)d/yd/ξd/xdη =
=
∫
e−iyξ(i+x−y)−α(i+ξ−η)−αψˆ∗(η)eix(ξ−η)(i+ξ−η)α [(i−Dξ)
αa(x, ξ)]ϕ(y)d/yd/ξd/xdη =
=
∫
eixξe−ixη(i+x−y)−αψˆ∗(η)e−iyξ(i+ξ−η)−α [(i−Dx)
α(i−Dξ)
αa(x, ξ)]ϕ(y)d/ηd/yd/xdξ.
Let us consider
h(z) = (i− z)−α α = (1, · · · , 1)
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and
hz(y) = h(y − z) y, z ∈ R
n.
Thus, we have
< ψˆ, T̂ϕ >=
∫
eixξf(x, ξ) [(i−Dx)
α(i−Dξ)
αa(x, ξ)] g(x, ξ)d/xdξ,
with
f(x, ξ) =
∫
e−ixηhξ(η)ψˆ(η)
∗d/η
and
g(x, ξ) =
∫
e−iyξhx(y)ϕ(y)d/y.
So, we can write (by abuse of notation),
‖ < ψˆ, T̂ϕ > ‖ = (2pi)−
n
2 ‖ < e−ixξf∗(x, ξ), [(i−Dx)
α(i−Dξ)
αa(x, ξ)] g(x, ξ) > ‖.
If c(x, ξ) = (i−Dx)
α(i−Dξ)
αa(x, ξ), there exists d1 ∈ R
+, not depending on a, such
that sup
(x,ξ)∈R2n
‖c(x, ξ)‖ < d1pi(a).
In Prop. 2.1 below, we prove that there exists d2 ∈ R
+, not depending on ϕ or
g, such that ‖g‖2 ≤ d2‖ϕ‖2, so that we have
‖cg‖2 ≤ d1pi(a)d2‖ϕ‖2.
In a similar way as in Proposition 2.1, we get that
‖f∗‖2 ≤ d2‖ψ‖2,
then, for k = d1d
2
2(2pi)
−
n
2 , we have, for all ϕ,ψ ∈ SA(Rn),
‖ < ψ, a(x,D)ϕ > ‖ ≤ kpi(a)‖ϕ‖2‖ψ‖2.
As for the general case, we consider the function aε ∈ CB
∞(R2n, A) given by
aε(x, ξ) = φ(εx, εξ)a(x, ξ), for 0 < ε ≤ 1, and where φ ∈ C
∞
c (R
2n) is such that
φ ≡ 1 close to zero. As we just have seen, we have that ‖ < ψ, aε(x,D)ϕ > ‖ ≤
kpi(aε)‖ϕ‖2‖ψ‖2. Just doing some computations, we get that there is m ∈ R
+, not
depending on a or ε, such that pi(aε) ≤ mpi(a). Besides, it is not difficult to see that
we have limε→0 < ψ, aε(x,D)ϕ >=< ψ, a(x,D)ϕ >. Actually,
‖ < ψ, a(x,D)ϕ > ‖ ←−
ε→0
‖ < ψ, aε(x,D)ϕ > ‖ ≤ kmpi(a)‖ϕ‖2‖ψ‖2.
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Considering, now, a(x,D)ϕ in place of ψ, since a(x,D)ϕ ∈ L2(R
n, A), we have that
‖ < a(x,D)ϕ, a(x,D)ϕ > ‖ ≤ lpi(a)‖a(x,D)ϕ‖2‖ϕ‖2, l = km, ∀ϕ ∈ S
A(Rn)
as before. So, there is l ∈ R+, not depending on a, such that ‖a(x,D)‖ ≤ lpi(a).
Proposition 2.1. Given ϕ ∈ SA(Rn), let g(x, ξ) =
∫
e−iyξ(i+x−y)−αϕ(y)d/y, then
there exists d ∈ R+, not depending neither on g nor on ϕ, such that ‖g‖2 ≤ c‖ϕ‖2.
Proof. Let hx be as before, and put g(x, ξ) =
∫
e−iyξhx(y)ϕ(y)d/y = ĥxϕ(ξ). Then∫
g(x, ξ)∗g(x, ξ)dxdξ =
∫
< ĥxϕ, ĥxϕ > dx =
∫
< hxϕ, hxϕ > dx
=
∫
h(x)h(x)dx
∫
ϕ(ξ)∗ϕ(ξ)dξ.
If d =
(∫
|h(x)|2dx
) 1
2
, we have ‖g‖2 ≤ d‖ϕ‖2.
Note 2.1. If a ∈ CB∞(R2n, A), we denote by O(a) the pseudodifferential operator
whose symbol is a.
Proposition 2.2. There exists p ∈ CB∞(R2n, A) such that
< O(a)ϕ,ψ >=< ϕ,O(p)ψ > ∀ϕ,ψ ∈ SA(Rn). (2.2)
Proof. First we prove that p(y, ξ) =
∫
e−ixηa(y− z, ξ−η)∗d/zd/η belongs to
CB∞(R2n, A). As for this, we use strongly the definition of oscilatory integrals given
in[7], where we consider for a while the corresponding Fre´chet space CB∞(R2n, A).
Then, applying proposition 1.6 of [7], we can begin working with a of compact
support, for which we can work as Cordes in chapter 1 section 4 of [2].
To obtain the general case, we apply the Dominated Convergence Theorem.
Please, see details at proposition 4.6 of [6].
Remark 2.1. The application O : CB∞(R2n, A) −→ B∗(E), given by a 7→ a(x,D),
is well defined and it is easy to see that it is injective.
Remark 2.2. As in the scalar case, [2], chapter 8, we see that a pseudodifferential
operator is Heisenberg-smooth, because ‖a(x,D)‖ depends just on a finite number
of seminorms of a ∈ CB∞(R2n, A). Besides, for T = a(x,D), we have ∂βz ∂
γ
ζ Tz,ζ =
O(∂βz ∂
γ
ζ az,ζ), where az,ζ(x, ξ) = a(x+ z, ξ+ ζ), β, γ ∈ N
n (for proving these results,
we just need to do some computations which we can check in proposition 4.7 of [6]).
Note 2.2. LetH be the subset of B∗(E) formed by the Heisenberg-smooth operators.
We have that O : CB∞(R2n, A) −→ H is a well defined, injective application. For
A = C, we have that O is a bijection, [3].
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3 Pseudodifferential operators that commute
with RG.
Let us consider here the right regular representation of CB∞(Rn, A) for the deformed
product:
RGF = F ×J G.
Lemma 3.1. If an operator T ∈ B∗(E) commutes with Rϕ for all ϕ ∈ S
A(Rn), there
exists a sequence Fk in E such that Fk ×J ϕ converges to T (ϕ), for all ϕ ∈ S
A(Rn).
Proof. Let us find, first, a sequence, ek, such that, for all ϕ ∈ S
A(Rn), ek×Jϕ −→ ϕ
(convergence in the ‖ · ‖2 norm). Since A is separable, it has an approximate unit
(uk)k∈N. For each k ∈ N, let us consider a C
∞−function φk : R
n → A, with support
the set {x ∈ Rn/‖x‖ ≤ 1
k
} such that
∫
φk(x)dx = uk. Then, let ek = F
−1(φk), where
F is the Fourier transform on SA(Rn) (for details, see proposition 2.5 of [6]).
Then, since Rϕ is a continuous operator on E, letting Fk = Tek ∈ E, Rϕ(Fk) is
well defined and we have Fk ×J ϕ = RϕTek = TRϕek = T (ek ×J ϕ). Hence, since
ek ×J ϕ −→ ϕ, we have Fk ×J ϕ→ Tϕ, for all ϕ ∈ S
A(Rn).
Proposition 3.1. If T is an operator in B∗(E) which is such that [T,Rϕ] = 0 ∀ϕ ∈
SA(Rn), then Tz,ζ = Tz−Jζ,0.
Proof. Since Rϕ is continuous, for any F ∈ E and ϕ ∈ S
A(Rn), we may write
LF (ϕ) = Rϕ(F ) thus defining LF as an operator from S
A(Rn) to E.
It is easy to see that
E−1z,ζLfEz,ζ = E
−1
z−Jζ,0LfEz−Jζ,0,
for f ∈ SA(Rn). Then, using that Ez,ζ leaves S
A(Rn) invariant (here we are writing
Ez,ζ for Ez,ζ,0, earlier defined), we get
E−1z,ζLFEz,ζ = Ez−Jζ,0LFEz−Jζ,0, (3.1)
for F ∈ E, so we have that (LF )z,ζ = (LF )z−Jζ,0. By lemma 3.1, there is a sequence
Fk in E such that, for all ϕ ∈ S
A(Rn), lim
k→∞
(LFk)z,ζ(ϕ) = Tz,ζ(ϕ) (by equation (3.1)),
so that Tz,ζ = Tz−Jζ,0 .
Corollary 3.1. If T ∈ B∗(E) is such as in proposition 3.1 and is translation-smooth,
then T is Heisenberg-smooth.
Lemma 3.2. Given a ∈ CB∞(R2n, A), let b = Πnj=1(1 + ∂yj )
2(1 + ∂ξj )
2a, and
γ(x) = Πnj=1f(xj), with
7
f(xj) =
{
xje
−xj if xj ≥ 0
0 otherwise
Then we have a(x, ξ) =
∫
γ(−z)γ(−ζ)b(x+ z.ξ + ζ)dzdζ.
In the scalar case, A = C, we can see the proof in [2], chapter 8, corollary 2.4. The
same argument is valid for the general case.
Theorem 3.1. Let A be a C∗−algebra for which the above defined application O :
CB∞(R2n, A) −→ H is a bijection. Then, given an operator T ∈ B∗(E), translation-
smooth, that commutes with Rϕ for all ϕ ∈ S
A(Rn), there exists a function F in
CB∞(Rn, A) such that T = LF .
Proof. Since O is a bijection, and by corollary 3.1, there exists a ∈ CB∞(R2n, A)
such that T = O(a). As in lemma 3.2, let b = Πnj=1(1+∂xj )
2(1+∂ξj )
2a and B = O(b).
Note that Bz,ζ = Π
n
j=1(1 + ∂zj )
2(1 + ∂ζj )
2Tz,ζ , see remark 2.2.
Since TRϕ = RϕT , it is not difficult to see that Tz,ζRϕ = RϕTz,ζ , for all ϕ ∈
SA(Rn). Then, we have [B,Rϕ] = 0 for all ϕ ∈ S
A(Rn). So, by proposition 3.1,
Bz,ζ = Bz−Jζ,0, so that b(x+ z, ξ + ζ) = b(x+ z − Jζ, 0).
By lemma 3.2, we get a(z, ζ) = a(z − Jζ, 0). Choosing F (z) = a(z, 0), we have
T = LF , with F ∈ CB
∞(Rn, A), as was to be proved.
Remark 3.1. We have just proved that a pseudodifferential operator that commutes
with all operators G(x + JD), (G ∈ SA(Rn)), where J is a fixed skew-symmetric
matrix, is of the form F (x− JD), F ∈ SA(Rn).
Remark 3.2. If A = C, since we have the Cordes’ characterization [3], we can see
that theorem 3.1 gives us another proof of the main result of [5], without needing to
apply the Schwartz kernel.
Acknowledgement
This work was based on [6] and I benefited from many interchanges of ideas,
conversations, and suggestions about the redaction from my ex-advisor Prof. Severino
T. Melo, to whom I remain deeply grateful.
References
[1] A. P. Caldero´n & R. Vaillancourt, On the boundedness of pseudo-differential
operators, J. Math. Soc. Japan 23 (1971) 374-378.
[2] H. O. Cordes, The technique of pseudifferencial operators, London Math. Soc.
Lect. N. Series 202, 1995, xii+382pp.
8
[3] H. O. Cordes, On pseuso-differential operators and smoothness of special Lie-
group representations, Manuscripta Math. 28 (1979) 51-69.
[4] I. L. Hwang, The L2−boundedness of pseudodifferential operators, Transac-
tions A. M. S. 302 (1987) 55-76.
[5] S. T. Melo & M. I. Merklen, On a conjectured noncommutative Beals-Cordes-
type characterization, A.M.S. Proc. 130 (2002) 1997-2000.
[6] M. I. Merklen, Resultados motivados por uma caracterizac¸a˜o de operadores
pseudo-diferenciais conjecturada por Rieffel, PhD Thesis, IME-USP, Sa˜o
Paulo, 2002; http://lanl.arXiv.org/ math.OA/0309464.
[7] Marc A. Rieffel, Deformation Quantization for actions of Rd , A.M.S. Mem-
oirs, 506, 1993, ix+93pp.
[8] Jo¨rg Seiler, Continuity of Edge and Corner Pseudodifferential Operators,
Math. Nach. 205 (1999) 163-182.
Instituto de Matema´tica e Estat´ıstica, Universidade de Sa˜o Paulo,
Caixa Postal 66281, 05315-970, Sa˜o Paulo, Brazil.
E-mail address: marcela@ime.usp.br
9
